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LIMIT AND CONTINUITY

x2-1
x-1
Y ou can seethat the function f(x) is not defined & x = 1 asx —1isin the denominator. Takethe

vaue of x very nearly equa to but not equd to 1 as given in the tables below. In this case
x-1# O0asx # L

Consder thefunction f(x) =

2 —
DWecanwritef(x):X -1_ (x+1)(x-1)

= x +1, because x —1# 0 andsodivisonby

x-1 (x-1)
(x —1) ispossible.
Table-1 Table- 2
X f(X) X f(X)
0.5 15 1.9 29
0.6 1.6 1.8 2.8
0.7 1.7 1.7 2.7
0.8 1.8 1.6 2.6
0.9 1.9 15 25
0.91 191
; : 11 2.1
0.99 1.99 1.01 2.01
1.001 2.001
0.9999 | 1.9999 ; :
1.00001 2.00001

In the above tables, you can see that as x gets closer to 1, the corresponding vaue of f (x) dso
gets closer to 2.
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-V | However, inthis casef(x) isnot defined a x = 1. The idea can be expressed by saying that the

limiting vaue of f(x) is 2 when x gpproachesto 1.

Let us consder another function f (X) =2x. Here, we are interested to see its behavior near the
point 1 and at x = 1. Wefind that as x gets nearer to 1, the corresponding vaue of f (x) gets
closerto 2 a x =1 and thevaue of f (x) isaso 2.

So from the above findings, what more can we say about the behaviour of the function near

Notesfx=2anda x=27?

In this lesson we propose to sudy the behaviour of a function near and at a particular point
where the function may or may not be defined.

After sudying thislesson, you will be ableto :

illugrate the nation of limit of afunction through graphs and examples;

define and illugtrate the left and right hand limits of afunctiony =f (X) @ x = &
definelimit of afunctiony =f (X) & x =g

date and use the basic theorems on limits;

establish the following on limits and gpply the same to solve problems::

n

N
() lim 2" = na" 1 (x 2 a)
X-a X—a
(ii) lim sinx=0 ad lim cosx=1
X -0 X -0
. 1
iy fim 2% =1 W x
X-0 X )LI%(1+X) =€
et - . . log(1+x
(vi) lim £ 1=1 (vii) lim M:
X-0 X X -0 X

define and interprete geometrically the continuity of afunction at a point;

define the continuity of afunction in anintervd;

determine the continuity or otherwise of afunction & a point; and

gate and use the theorems on continuity of functions with the help of examples.

EXPECTED BACKGROUND KNOWLEDGE

Concept of afunction

Drawing the graph of afunction

Concept of trigonometric function

Concepts of exponentid and logarithmic functions
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20.1LIMIT OF A FUNCTION

2
Intheintroduction, we considered thefunction f (x) =2

! . Wehave seenthat asx approaches

[, T (X) gpproaches 2. In generd, if afunction f (x) gpproaches L when x approaches 'd, we say
that L isthelimiting vaueof f (X)

Symboalicdly it iswritten as
lim f(x) =L

X-a
Now let usfind the limiting vaue of the function (5x _3) when x approaches 0.
ie lim (5X—3)

X -0

For finding this limit, we assign vauesto x from left and dso from right of O.

-0.001
-3.005

X -0.1
5x-3|-35

-0.01
-3.05

X 01
5x-3| -2.5

0.01
—2.95

0.001
—-2.995

It is dear from the above thet the limit of (5x —3) as x 0 is-3

lim (5x-3)=-3

X -0

Thisisillusrated graphicdly inthe Fig. 20.1

i.e,

¥ —5x—-3
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The method of finding limiting values of afunction a a given point by putting the vaues of the
variable very close to that point may not aways be convenient.

We, therefore, need other methods for caculating the limits of a function as x (independent
vaiable) endsto afinite quantity, say a

2 _
Consider an example: Find |imf(x), wheref(x) = X 39
X-3 X =

We can solve it by the method of substitution. Steps of which are asfollows::

Step 1. We consder avaue of x closeto a x2 -9 _
say x =a+h, wherehisavery small positive | For f(x) =—— wewrite x =3+h, 0
number. Clearly,as x - a, h -
Y& X~ah-0 thaas x » 3h -0
Step 2 : Smplify f(x) =f(a+h) Now f(x)=f(3+h)
_(3+h)*-9
3+h-3
_h®+6h
h
=h+6
Step 3: Puth=0and get therequriedresult | - lim f (x) = lim (6+h)
X-3 h-0
ASX—»O;h—»O
limf(x)=6+0=6
Thus, ‘o3 ( )
by putting h = 0.

Remarks: It may be noted that f (3) is not defined, however, in this case the limit of the
function f(x)asx — 3is6.

Now we shdl discuss other methods of finding limits of different types of functions.

Consider the example:

3
-1
i , X #1
Find limf(x),where f(x) =0x2_1’
Xt Hi , x=1

x3—1

Here, for x 21,f(x) =

(x 1)(x +x+1)

(-6
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It shows that if f (x) is of the form 9% | then we may be able to solve it by the method of
h(x)

factors. In such case, we follow the following steps:

Step 1. Factorise g (x) and h (X) al.
x3-1
x% -1
(x—l)(x2 +x+1)
(x -1)(x +1)
(- x#10x -1 # andassuchcan
be cancelled)

f(x) =

x2+x+1

Step 2 : Smplify  (X) 0 f(x) = i1

Step 3: Putting the value of x, we S lim x3-1 1+1+1 3
get the required limit. x-1x2 -1 1+1 2
Also f(1) =1(given)

In this case, )I(imlf(x)if @

Thus, the limit of afunction f (X) as x —. a may be different from the vaue of the functioin a
X=a.

Now, we take an example which cannot be solved by the method of substitutions or method of
factors.

1+ x-1-
Evduate lim 1x-vi=X

X -0 X

Here, we do the following steps:

Step 1. Rationalise the factor containing square root.
Step 2. Smpify.

Step 3. Put the value of x and get the required result.
Solution :

Tox —1—x _(Jl+x —Jl—x)(\/1+x +Jl—x)
X ) x(\/1+_x+«/1—_x)

_ a0 -fu-x?
x (Vi x +41-x)
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(1+x)- (1-x)

XL x =)

1+Xx -1 +x

X[V X )

2X

:X(\/l-l-_X+\/1—_x) [ x # 0,0 It can be cancelled]

2

:\/l+x +\/1—x
m V1+x =Vl X =lim

2
|
X-0 X X D41+X +4/1-X

_ 2
CJ1+0+41-0
-2 _

1+1

20.2 LEFT AND RIGHT HAND LIMITS

You have dready seen tha X — ameans x takes vaues which are very closeto 'd, i.e. either
the value is greater than 'd or lessthan 'd.

In case x takes only those values which are less than 'd and very closeto 'a then we say x is
approaches 'd from the left and we writeit as x — a . Smilaly, if x takes vaues which are
greater than 'd and very closeto 'd then we say x isapproaching 'a from the right and we write
itasx - a'.

1

Thus, if afunction f (x) approaches alimit ¢4, asx approaches'a from left, we say that the left
handlimitof f(x)asx - ais /.
We denote it by writing

lim f(x)=1¢, or rllimof(a—h)=€1,h>0

X-a
Smilarly, if f (x) goproaches the limit ¢, , as x gpproaches 'a from right we say, that the right
hend limitof f(x)as x - a is /5.
We denote it by writing

Iim+f(x):€2 or rlli%f(a+h):£2,h>0

X-a
Working Rules
Finding the right hand limit i.e, Finding the left hand limit, i.e,
lim f(x) lim f(x)
x—a" Xoa

180 MATHEMATICS



Limit and Continuity

Put X=a+h Put x=a-h
lim f (a+h lim f (a=h
And  lim (a+h) And  lim (a-h)

Note : In both cases remember that h takes only positive vaues.

203 LIMIT OF FUNCTION Yy =f(x) AT x=a

Consder an example:

Find limf(x),where f(x)=x2+5x+ 3
X -1

. o 2 O
Here XILT+f(x)—rI1|£nOgl+h) +5(1+h)+3¢
= lim d+2h+h?+5+5h +30
=1+5+3=9
. — i 2 _ C
and x“_T_f(X) rlulinogl h)® +5(1- h)+ 3¢
= lim —2h+h2+5—5h+3E
X-0
=1+5+3=9
From (i) and (i), lim f(x) = lim f(x)
x 1t X1

Now consider another example:

.| x=3]
Evduate: lim
x-3 X—3

x=3]_ |, 1(3+h)-3]

lim
Here . gt x-3 h-0[(3+h)-3
h-0 h
=limY  (shs0 s |h|=h
h—»Oh ($ lS)l |_ )

x=3]_ ;i [(3-h) 3]

lim
and X3 hoo[@ ) 3
h—»O -
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:rang)—Lh (ash>0,s0]-h|=h)
=1 (iv)
e tim XT3l gy X238
0 From (iii) and (iv), gt X g X-3

Thus, in the firgt example right hand limit = left hand limit whereas in the second example right
hand limit # left hand limit.

Hence the Ieft hand and the right hand limits may not aways be equd.

We may conclude that
lim (x2+5x+3) exists (which is equal to 9) and jim X3 does not exist.
X -1 X-3 X_3
Note:
I lim f(x)=¢ E
X-a g _
awd  lim f()=eD O fmf(x)=
X—a H
I lim f(x)=¢; O
Xa O . )
: 0 O  limf(x)doesnotexist.
and lim f(X)=€2 X-a
X—a H
Il im £(x) or M f(%) goesnotexist 0 lim f (x)doesnot exist
X-a X-a

X-a

204 BASIC THEOREMSON LIMITS

1. limcx =clim x, cbeng acongant.
X-a X-a

To verify this, consider the function f (x) = 5x.
Weobservetha in |im 5x , 5 being acongant is not affected by the limit.

X2
lim5x =5 li
- x|_>n2] X xl_r.n2 X
=5x2=10
2, lim @ (x) +h(x)+p(x)+....0= lim g(x)+ lim h(x)+ lim p(x)+........
X-a X-a X-a X-a

where g(x),h(x),p(x),.... areany function.

3 lim & (x)@ (x)g= lim f (x) lim g(x)

X X-a
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To verify this, consider f(x) =5x2 +2x +3
andg(X)=x+2.

limf(x) = lim (5x2 +2x +3
Then limf (x) qu( )

=51im x2+2 lim x+3=3
X -0 X -0

limg(xX)=1lim(x+2)=limx+2=2

X0 X0 X0
[ Ilf’cl)(Sx +2x+3)I|m(x+2) 6
Again )|(I_>m[f(X) [g(x)] = I|m[(5x +2x +3)(x + 2)]
=)I(irr(1)(5x3+12x2 +7X +6)

=5lim x3+12lim x2 +7 lim x+6
X-0 X -0 X -0

=6

From (i) and (ii), )|( i %[(5x2 +2x +3)(x + 2)] = Xl i T)(sxz +2x+3) X| iﬁn&(x +2)

(om0

4. M B OE 1im )

provided limg(x)#0
X-a

X2 +5x+6

To verify this, condder the function  f(x) = o
X

we have lim (x2 +5x+ 6) = (-1)°+ 5(-1) +6
X--1

=1-5+6
=2
g lim (x+2)=-1+2
X--1

=1

lim (x? +5x +6)
X—>_l —
lim (x+2)
X—»‘l

=N
I
N
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U-x?+5x+6 L
2 4+5x+6 +3)(X +2 E 5
Al lim (X +5x ):“ (X +3)(x )E:x +3x+2x+6%
X- ¥ X+2 x -1- X+2 EI'X(X+3)+2(X+3)D
Fx+3x+2 H
= lim (x+3)
X-=-1
=-1+3=2 . (")
L From (i) and (ii),
- 2
X--1 X+2 lim (x +2)
X--1

We have seen above that there are many ways tha two given functions may be combined to
form anew function. The limit of the combined function as x —. a can be caculated from the
limits of the given functions. To sum up, we State below some basic results on limits, which can
be usad to find the limit of the functions combined with basic operations.

If limf(x) =/¢and lim g(x) = m, then
X-a

X-a

() )l('inakf(x) k)'('inf(x) KC' \wherek is a constart.
(i) lim [f(x) £ g(x)] = limf(x) £ limg(x) = ¢+m
(i) lim [f(x) @(x)] = limf (x) Qimg(x) = £0n
limf (x)
- f(X) _xoa ! . .
™  Mam  limgog m: Provided Jimg(x)#0

The above results can be easily extended in case of more than two functions.

=enld[ONm Fnd limf(x), where
X-1
2_
Ll, xz1
Ux-1
71

f(x)=
x=1

Solution :
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=(x+1
0 [imf(x) =lim(x +1)
X -1 X -1
=1+1=2
2 _
Note: X — 1
ax=1
. x3—8
el Evdude: lim :
X~>2 X_2
3_
Solution : lim % 8
X~>2 X_2

i (X —2)(X? +2x + 4)
X-2 (x-2)

= lim (x2+2x +4)

X2

=22 42 x2 +4
=12

] Evalude: lim —*'32"‘)(‘1
lim ——

Solution : Rationdizing the numerator, we have
V3-x 4 _3 x E N3 x 1
2-X 2 X \/3—_x +1
_ 3-x-1
(z—x)(JsTx +1)
2—-X

T2-0Ex ¥

[~ x#]1]

isnot defined at x=1. Thevalueof |imf (x) isindependent of thevaueof f ()
X-1

[+ x# 2]

[+ x# 2]
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. J12-x —x
ENYPOF Y Evauae : lim———.
Solution : Rationdizing the numerator as well as the denominator, we get

J2=% —x (Viz=x «)(vi2 % #) (%6 x g

Notes

" J6+x-3 = JG+X-3(J6 X +3)( 12 —x ﬁ)

12-x —x2
:Iim( )El]im V6+x+3
x-3 B6+X-9 x 3412-X +X

-(x +4)(x -3) i J6+x+3

= (x-3) X syi2—x x L7 x*3
= —(3+4) %z -7

Note : Whenever in afunction, the limits of both numerator and denominator are zero, you
should smplify it in such amanner that the denominator of the resulting function is not zero.

However, if the limit of the denominator is 0 and the limit of the numerator is non zero, then
the limit of the function does not exig.

Let us consder the example given below :

1
SENJPOE Find “mo; ,if it exits
X -

Solution : We choose vaues of x that approach 0 from both the sides and tabulate the

. 1
correspondling vaues of <

-0.1| =01 | -.001 | -.0001

-10 | 100 | —1000 | —10000

X || X

0.1].01 |.001 |.0001

X || X

10 | 100 | 1000 | 10000

1
We seethat as x _, 0, the corresponding vaues of 3 ae not getting close to any number.

Hence, IIF%; does not exist. Thisisillustrated by the graphin Fig. 20.2
X =
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/\y
5 4
4--
3_._
l
-4
1-—\ YT
-5 -4 -3 -» —
< 1 | | 1 1 ] 1 1 ] ] >
N of 1 2 3 4 5
\ |
r -2
L 3
L 4
- -5
/l
y
Fig. 20.2

SENERNN Evauae: )'(i%“ x|+ =x )

Solution : Since [x| has different vauesfor x > 0 and x<0, therefore we have to find out both

left hand and right hand limits.
lim (1x [+]-x]) =lim(j0 | 0 #)

X -0

=i -h|+|-(-h

lim (1=h[+|~(=h)])

=l h=jin2n =0 0

o lm 1]+ =x]) =lim (10 | 4 €0 #))

x 0" h-0

=limh+h=Ilim2h=0 (i)

X-’O h—'o "

From (i) and (ii),

X-0"

Thus,

li -Xx|| =0
lim x| +| -]

lim (Ix]+|-x]) _||r2 [Ix] 4 x|

Note: We should remember that left hand and right hand limits are specialy used when (a)
the functions under congderation involve modulus function, and (b) function is defined by

more than one rule.
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SN0 @ Find the vliaue of 'a so that

limf(x) edis, where ()= > =1
X—1 02x +a,x >1
Solution : lim f(x) = Iiml(3x +5) [+f(x)=3x +5forx <1
X-1 X -
= lim[3(1-h)+5]
h-0
=3+5=8 0
lim f(x) = lim(2x +a) [-+f(x) = 2x +afor x >1]
X—>1+ x-1
= lim (2(1+h) + a)
h-0
=2+a (ii)

Weaegiventha limf(x) will exists provided
X-1
lim = lim f(x)
x-1" xo1t

0
0 From (i) and (i),

2+a=8
0 o, a=6
SCIN[RRW |f afunction f (X) isdefined as
%X , 05x<1
0 2
f(x):%) ,x:1
0 2
Ex—l,iqﬂ
2
Examinethe existence of |imf (x) -
x 1t
2
O 1
, Osx<— . i
E% > (i)
. T |
Solution : Here f(x) = X =5
O
%x—l,iqﬂ ..... (i)
2
lim f(x)= limfEE—hE
i o 2 E
51
. m . Cc 01 1 L .01 01 C
= -h ‘——h<= f Jfi=—-hpF=-h
X'T)BE E BZ <2and rom(i) HE HZ E
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:1 O_l
2

2
lim fu)—yqjﬁg+hﬁ

-8

:£+—1
2
_ 1
2
From (jii) and (iv), left hand limit = right hand limit
O Iimlf(x) does not exist.
X > —
2

Q
\ & d CHECK YOUR PROGRESS 20.1

1. Evaduate each of the following limits:

@ )I(i£n2[2(x +3) +7] (b) lim)(x2+3x+7)

(C) )l(ITl%X +3)2 —16%

i 2,90 i 3_gL i
(d) XILm}gx +1?+20 © ll% Yox+1)° -5 ® )I(Iinl(3X+1)(X +1)
2. Find the limits of each of the following functions:
X=5 X+2 3X+5
li li I
@ Imx+2 (b) Iinlx+1 (C)xim}x -10
2
px+q X -9 x% -25
li li I
C) xlmoax+b (©) |£n3 X-3 (f)XLmEr X+5
2 . 9x?-1
X°=x 2 lim
|Im— -
© Jim-—5—— ) 131
3. Evauate eech of the fallowing limits
3 3 4
x° -1 +7X oxT-1
| I|m |
@ xlinlx—l (b)x 0x2 + 2x (C)xlmlx 1
01 2 C
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4. Evduate each of the following limits:

@ )I(iinOV4+x )—(«/4 -X (b))iiino—*lz““))((‘\/E © Liing@
B
(d) || —— © )I(Iinz 5

.2 . 1
L lim2 it e o e
5. (@ Find XI%X ,if itexids (b) Find Xlinz—x_2 ,if itexids
6. Find the vaues of the limits given below :

(@ 05—|x| CRLeyY © M7

. |x-=5 .
(d) Show that |Imudoesnot exis.
x-5 X—=5

7. (@ Find the left hand and right hand limits of the function

f(x)_D—Zx 3,x <1
03x-5x >1 Bx-1
2
(b) If £(x)= B’( X=1 findlimf(x)
1,x>1 X1
D4x+3 X<4
(c) Find I|mf(x)|f it exigs, giventhat f(x) = D3x+7x>4
8. Find the value of 'a such that I|mf(x) exigswheref (x) = [ax+5 x<2
X2 X 1Lx >2
Bx,x <1
9  Letf(x)=g01lx=1
Ep(z,x >1

Edtablish the existence of |imf(x) -

X1

10. Find limf(x) if it exists, where
X2

[(X—1x <
f(x)=0 1x =2
Bx+1,x>2

20.5 FINDING LIMITS OF SOME OF THE IMPORTANT
FUNCTIONS

n

_an
(i) Provethat lim X ~@ =na"! wherenisapostive integer.
X-a X—a
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AN
I ANSWERS
CHECK YOUR PROGRESS 20.1
1. (@17 (b) 7 ©0 d 2
(©- 4 8
2 @0 6 ©O=  @F @6
M-10 @3 0 2
3 @3 ®) ©4 @
1 1 1
“ @3 O35 O35 @2 ©
5. (a) Doesnot exist (b) Does not exist
6. @ 0 (b)% (c) doesnot exist
7. (AL-2 (b)1 (© 19
8. a=-2
10. limit doesnot exist
CHECK YOUR PROGRESS 20.2
& -1
L @2 O
2 @2 (0) e
1 a
3 @2 ® I © o @2
L @3 ()0 ©4 @3
2 1
5. @2 (b)2 © 5
6. (al ()5 (© 0
ANCE (6 © -5
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