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QUESTION 1- SKETCH GRAPHS OF COSH AND JINH X

SKETCH QRAPH OF COSH K
let y=coshx

coshx=1 (e"+¢€)

X TINTERCEFTS
x-intercept at y =0
0=1("+¢€%
2

A

0=¢'+¢* but € > 0 and €* > 0, .. no x-intercept.

y-intercept at x = 0
y= 1+
2

= 1.
.. y-intercept at point (0,1).

ASITFTOTES
lim (+e)=w

X0

Lim (ef+e)=o

X=p=0
no horizontal asymptotes. As y is defined for all real x, there are no vertical asymptotes.

TURNING POINT S
occur when dv=20

dx
dyv= 1(¢"-¢7)
dr 2

0=1(e"-e")
2

=g . g%
- ex o e—x




whenx>0,eg. x=1
dy=1("-¢€")=1.18

de 2

this is positive, .". gradient positive,
whenx <0,eg. x=-1
dy=1(e'-¢e')=-1.18

dx 2

this is negative, .. gradient negative.

=\ /E

2=0

~.using First Derivative Test, local minimum occurs when x = 0.
x=10,
sy=1e"+e')=1
2
-.graph turns at (0,1)

CONCAVITT/POINT S OF INFLECTION
determined by second derivative of function. Inflection points occur when dy=0

d?
s =1 +eY)

. 0=¢" + e”but impossible, .. no inflection points.

Concavity- determined by value of &y.
dr’?
When d’v > 0, graph is concave upwards.
dx*

When d”y <0, graph is concave downwards.
de

whenx <0, eg. x=-1

dy=1("+e' =154
dF 2




whenx>0,eg. x=1
dy=1("'+e')=154
dr 2

=

as both values are positive, and no other turning or inflection points exist, graph is always
concave upwards.

The sketch graph is shown in fig2.0a.

1 - T T ‘ o Sy BRY
Jig2.0a sketch curve of y = cosh J1g2.0b sketch curve of v = cosh x using addition of ordinates method,

The graph can be verified by the 'addition of ordinates' method of curve sketching using
components of the cosh graph, Y4 e and % e*(fig2.0b). Although there didn't seem to be any
horizontal asymptotes, y = cosh x actually approaches graphs of y =5 ¢* as x — o0, and y = % &*
as x — —oo,

This occurs because as x — w, y =¥ & — 0. Values of y = ¥ ™ decrease, so y = cosh x
approaches y = Y2 e".
coshx=]1 (" + &%)

2

C.oas eF - (0,
coshx=1¢e"+0=1¢"
2 2

A

This reasoning can be applied to the values of x as y = cosh x — —w.




y = cosh x is an "even" function (where f{x) = f{-x)) as:
cosh (-x) =1(e" + &™)
2

.cosh x = cosh (-x)
.. it is symmetrical about the y-axis.

SKETCH GRAFH OF SINA X:
let y =sinhx
sithx=1 (e - e7)
2
=1(¢-¢e7)
2
X TINTERCEFTS
x—mtercept aty=0
= 1 (e"-e™)
0= e"' -e”
gf=g"
X =-x
2x=0
x=0

y-intercept atx =0
y=1("- <)
2

=0,
x and y-intercepts ocecur at point (0,0).

ASIFFTOTES
lim (¢-e7)=w

X—p0]

m,,, (€-e9)=—r

Ly
no horizontal asymptotes. As y is defined for all real x, there are no vertical asymptotes.

TURNIEG FOINTS

occur when dy =0
dx

dy=1("+e")

dx 2

0=1(e"+e")
2
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= g¢* + ¢™ but impossible, .. no turning points.

CONCAVITT/FOITS OF [HFLECTION
Inflection points occur when &’y =0

d’
dy=1(e-e")
dx*

Whenx>0,eg.x=1
dy=1(e'-¢" )=1.18
dx* 2

Whenx <0, eg.x=-1
_7y_—1(e Ce')=-1.18

7\ ;&

’X'D
~whenx =0,
y=1(e’-¢")=0
2

)

-.inflection point occurs at (0,0).

Graph is concave downwards when x is negative and concave upwards when x is positive.
The sketch graph is shown in fig2.1a.

This graph can be verified by the ‘addition of ordinates’ method of curve sketching using
components of the sinh graph, ¥ * and - % £*(fig2.1b). Although there didn't seem to be any.
horizontal asymptotes, y = sinh x approaches the graphs of y = Y%e" as x — oo, and

y =~ Y4 €™ as x — —oo for reasons similar to those noted on page 4.
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RN 3 SH

fig2.1a sketch eurve of y = sinh x using conventional methods, fig2. 1b sketch eurve of y = sinh x using addition of ordinates method,

y=sinh x is an "odd" function (where f{-x) = -f{x)) as:
sinh (-x) = 1(e7-¢) = - 1(e%-€7)
2 2

. sinh (-x) = -sinh (x)
.1t is symmetrical across the origin.

-2.00 -1.00 ©o0.00 190




Graphs of y = sinh x and y = cosh x have been graphed on the same axis y = sinx and y =cosx
(fig2.2). Within the domain of -m/2 < x <n/2, y = sinh x i the negative of y =sinx and y = cosh x
is the inverse of y = cos x. There appears to be a possible relationship between the hyperbolic and
circular function graphs but that is not investigated here.




QUCJSTION 2- COMPARISON OF HTPERBOLIC IDENTITICS WITH SIFILAR
TRIGONOMETRIC IDENTITIES.

a) Prove cosh’s - sinh’x = 1
LHS =cosh’ - sinh’x
=1({E+e)y- 1@ -
4 4
= 1[(€"+2+e™) (€"-2e™)]
4
=1 +2+e¥-e¥+2-¢%)

NN

=1
~.LHS =RHS

b) Prove cosh (2x) = 1 + 2 sink’s
RHS 1+2sginhx =1+2[1("-2+e™)]
2

=

=1+1le*-1+1e”
2 2

= 1(e"+e™)
2

= cosh (2x)
.. RHS =LHS

c) Show (cosh x + sinhx)* = cosh nx + sinh nx

RHS = ¢osh nx + sinh nx
=1(@E"+e™+ 1(e"-e™)

2 2

— =

— l[e‘”‘+e"“’+ em:_e-n.t]

Q]

LHS = (cosh x + sinh x)"

2 2
[l +e e -

2 .
=[1@2eY]
2

See appendix 1




=)
~RHS =LHS

d) Show that d (cosh x) = sinh x-

d
LHS d(coshx) =4 (&+ e")
dx dx\ 2
g
2
=sinhx
LHS = RHS

DeMoivre's theorem which states:
(r cis x)" or (r cos x + r i sin x)" where / =-1
=1* cos mx + 1" i sin nx

table3.1- hyperbolic and trigonometric identities.

There appears to be similar identities within the circular and hyperbolic functions, however,
-[(sinh x)* ] cotresponds to (sin x)? whilst cosh x corresponds to cos x.

-.three other hyperbotlic functions would be:
i) cosh (x+y) = cosh x coshy + sinh x sinh y
(by substituting -sinh x for sin x in the trigonometric identity cos (x+y) =cosx cosy - sin x sin )
RHS coshxcoshy+simhxsinhy = 1(e*+e)x1l(g+e’)+ 1 (ef-e)x 1(e'-€%)
2 2 2 2
— l (ex-é-y + ex—y + ey—x + e—:r-y) + _]; (ex+y - ex-y _ ey—x + e—x-y)
4 4
= 1(2¢™+2¢™)
4
=1 (e‘+"+ e’rxw)

ii) d (sinh x) = cosh x
dx
(from the trigonometric identity d (sin x) = cos X)
dx
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LHS d(sinhx) =d [1(e -e7)]
dx dx 2
= 1(e"+¢e%)
2
= coshx
=RHS

iii) sinh (x-y) = sinh y cosh x - cosh y sinh x
(from the trigonometric identity sin (x-y) = sinx cos y - cos x sin y)

RHS coshxsinhy-coshysiohx =1 (&-eyx L(F+e)- 1(e"-eT)x 1(e"+¢e?)
2 2 2 2
=1(@"+e"-g7-e")- 1L({E7-7+e7-e7)
4 4
= 1 (2e™-2e")




QUESTION 3- INVERSE HYPERBOLIC FUNCTIONS

a)4sinhx =3
SA4[1(e"-eM)]=3
2

multiply both sides by e,
~2e(e’-eT) =3¢
2e¥-2 =3¢’

n2eF 382 =0

letef= A
n2e% 362 =12A%-3A-2
S2A-3A2 =0

Using the general quadratic solution:

A = -b : Y(b*-4ac) wherea=2,b=-3andc=-2
2a

then A =3 +[9 - 42)(-2)]
4
25

=3

H

o

l

e* 3t5

.

L x=log, (3£5)
4

but 3+ 5>0 because the logarithm can only be taken of a positive number

b) Sinh has an inverse function over domain of real numbers as it's a one-to-one function. Cosh
doesn't because it is many-to-one so its inverse is a one-to-many function. This is demonstrated
using the horizontal line test (given y-value must have only one x-value). The graph of y = sinh x
(fig4.1 on the next page) passes this test, whilst the graph of y = cosh x (fig4.2) fails,

For y = cosh x to have inverse function, domain of y = cosh x must be restricted to [0,00).

c) Let sinh™ be inverse of the sinh function, The domain of a function is the range of its inverse,
and range of a function is the domain of its inverse, the domain and range of y = sinh™ x are:
Domain (y = sinh™ x) = ( —o0, o0); Range (y = sinh™x) = (-0, © )




figd.1-harizontal line test fory = sinh x

Components of sinh x are exponential functions whose inverse functions are logarithms, therefore

fig4.2-horizontal Tine test for y = coshx

sinh™ x can be expressed as a logarithm:
let sinh™ x =y
sx=sinhy
~x = 1(e-¢%)
2

4

multiPly both sides by €’,
sxed= 1 -¢eY)
2

2xe’ = €¥- 1
n0=e¥-2xe'-1
lete'=A

L 0=e¥-2xe'-1
becomes 0=A%-2xA -1

using the general quadratic solution,
A = -h +V(b® -dac) where a=1, b=-2x and c =-1
2a

2x +\[4x -4(1)(-1)]
)

=7y i\f_@xz +4)
2

A




2x +V[4( +1)]

7
=2 + NG +1)

=x + @A)
but since A =¢,
e =xx@E2H)
sy =log (x H(x*+1))

but x £V +1) > 0, because only positive logarithms can be taken,
~.sinh™ x = log, (x +V(*+1)) wherexg R -—(1)

Check Question 3a:
4 siphx =3
sinhx=3
4
x=sinh' 3
4
substitute this into ----(1)
sinh” 3 =log, 3+ [37+1])
4 4 4
=log, @+ [2+1])
4 16
=Jog (3 + 9+16)
4 16
=log, (3 + 1V25)
4 4
=log, 2




BUESTION 4- YECTORS A8

FTO RIFERPG

5 THEIR RELATIOR
LIRESTT IE.-A:”u

LA,

Verify that if the point P has position vector r=cos 6 i +sin 6 j, where 0 is any real number, then
it is on the unit circle.

Assuming;:

- 8 is not defined as an angle

- P has position vector r=cos 8 i +sin 0 j
+ i is unit vector in x direction

« j is unit vector in y direction
~.parametric equations are:

x=cosH

y=5in 0

but sin® = +V(1-cos’0)
Ly = (1)

LY AR =1

This is the equation for a unit circle, hence P is on
the unit circle (fig5.1).

By definition, in a unit circle, as cosd is x
coordinate and sind is y coordinate, any point on
the unit circle can be represented by cos6 i+ sind §.

The cartesian equation of the locus of a point Q,
with position vector r = cosh t i + sinh t j, where
t £ R can be found:

Assuming:
i is unit vector in x direction
+ j is unit vector in y direction

fig5.1 the unit circle

parametric equations:
x=cosht= 1(e'+¢e")

2
y=sinht= 1(e' - &)
2
50 x* = cosh’t
3 = sinh’t

- y* = cosh’ t - sinh®t
=1

tsh



-.the equation of locus is

2=




QUESTION 5- INTERPRETATION OF THE VARIAPLE T

a) Area of a circle is:

nr’
-.area of the region A (fig6.1) is:
nr* @
2n
e
2
-0 =2A butr=1
I'Z
8 =2A

fig6.2 figh.3.-a circle assumes all angles between fand 2%

b i) The variable t in r=cosh t i + sinh t j cannot be similarly interpreted as an angle because:
+in a), angje O (taken from centre of circle to perimeter and bounded by the x-axis-fig6.2) is

defined as 0 < 8 < 2 ie. it is periodic. This is possible for a circle because it is a continuous
function which assumes the full range of angles (fig6.3).

ie. r(8)=r(© +2n)----(1)

This periodicity can be demonstrated by proving ——- (1).
LHS r(0) = cos0 i + sinf j

RHS r(B +27) = cos (6 +2m) i + sin (B +27)

but cos® = cos(® +2x) and sin = sin(6 +2n), ..LHS =RHS

- tsh




« the angle t in the hyperbola is taken from its focus to the curve and bounded by the x-axis
(fig6.4). If t was an angle, it would be restricted and not assume the full range.

1t is also non-periodic as shown below
using same proof for the periodicity of the
angles in the circle:

assume r (t) =r (t +2m)

LHS r(t)=coshti+sinhtj

RHS cosh (t +2m) i + sinh (t +27) j
but cosh (t+2m) = (e ¥+ ") ---(2)
and cosh t = (e'+e"---(3)

Equation (2) = (3), hence t is not periodic,
so cannot be an angle.

figb4

ii) Show that t = 2B, B > 0 because it's the magnitude of the shaded area. Hence, t 2 0.

figl!

From fig 7.1, Area B = Area (C +B) - Area C

Area C
©-y=1
~y =262 A1)




but C is bounded by the curve, the x-axis and x = cosh t, hence y = V(? -1) should be used,

Wheny =0,
¥-0=1
Sx==1

by inspection, x =1.
hence, limits of integration are x=1 & x = cosh t.

o C= e 1) dx

let x =coshu ---(1); du=sinhu
dx

by change of variable rule:
ffx) dx = [f(w) dx du
du
so C=J*"" V(cost’ u-1) dx du
du

becomes:
C = [N(cosh® u-1) sinh u du from the hyperbolic identity, cosh’u - 1 = sinh’u

~C = N(sinh’ u) sinh u du
= ['sinh u sinh u du

= f'sink’ u du cosh 2u=1+2 sinh’n ..sinh’u = 1{cosh 2u -1)
2

1 uf‘cosh2 u-1du

|08 I

i Ii

T S I
2

Area (B+C)
= (cosh t)(sinh t) 1
2

SIGE
4




Area B= Area (B+C) - Area C
= 1 sinh 2t - (1 sinh 2t - 1t)
4 2




QUEJSTION & ALTERNATE PROOT FOK T = 2P

a) Show that shaded region USTV in fig8.1 has area t.

fizd.1

let the shaded region USTV = A, bounded by the curve y=1,y=e¢', y =1 and y-axis
x

then A= [*xdy because A is between a curve and the y-axis, buty=1 ~x=1
X y
~A =Fldy
Y
= [log)T",

=log,e' - log,1

=i




b}

fighd

Show that green-shaded region OST (fig9.1) has area t.

Let  pgreen-shaded region OST =A

red-shaded region OUT =B
=lxe'xe
2
=1
2
blue-shaded region OSW =C
=]lx1x1l
2
=1
2
area UVST =D
=1 (from Question 6a)
area VSWO =
=1x1
=1

Area A = area (D+E) - area (B+C)
={t+D-1+1
2 92

< =




figlo.1

New X and Y axes inclined at 45° to the original x-y axes introduced (fig10.1). Show that point P
(x,y) relative to the original axes becomes (X,Y) relative to the new axes where:

X=1{x+y)
V2

Y=1(x-y)
V2

This problem was dealt with in two parts, Part 1 approached from the x-axis point-of-view. Part 2
approached from y-axis point-of-view. The results were incorporated.

PART 1- from fig10.1,

x =10Q -—--(1)
2

and OQ=0T - QT

but OT =X

~0Q =X-QT ——-—-- (2)

However, UT = cos 45° (by similar triangles) = 1
QT V2
QT =2 UT -—-(3)




but, UT = cos 45° (by similar triangles) =1

\2
and PT=Y

Substitute above into -----(3)
hence, QT =1/

=

\J

L]
[

=Y

Substitute above into -----(2)
givmg, OQ =X-Y

Substitute above into ----- (1)
rx=1(X-Y) (@)
)

A

make X subject,
L X=x+Y
V2 2
A X=V2x+Y —e(5)

making Y subject,
SY=X-x

V2 2
5Y =X - V2 x —<(6)

PART 2- from fig10.1,
y=NP=NU+UP
but UP=Y (by similar triangles}

V2
and NU=ST=X
V2
Ly=XAY ee(T)
V2 2




Substitute (5) into (7}
sy =Y +1(2x+7Y)
V2 V2
=2¥ +x

V2
=\2Y+x

making Y subject,
£ Y=1(p-x) —@8)
V2

Subtituting (6) into (7)

Ly =X+1X-V2x)
N2 A2

A

=2X-x

V2
=V2X-x

making X subject,
X =1(p +x) ——(9)
V2

equations are identical those given.

d i) From Question 6¢, use equations (4) and (R).

Equation (4):
x=1(X-Y)
/2

=]

and equation (8):
y=Xt+Y
V2 V2

Substitute above 2 equations into y =1

SX+Y=_ 1
V2 V2 1(X-Y)
2

=

SIXHYILEX-Y)]=1
V2 V2




L1 =1
2

F

- X? - Y? =2 (equation of hyperbola relative to X-Y axes).

if} Using equations (8) and (9) from Question 6c:

Y=1(y-x)
g
X=1(y+x)
V2
S-coordinate on x-y axes is (1,1). On X-Y axes:
X=1(1+1) =2
V2 2

=12

Y=1(1-1) =0
2

=

.S-coordinate on X-Y axes is (\/2 , 0).

T-coordinate on x-y axes is (¢”, €. On X-Y axes:

X=1(e"+¢e) _
V2
multiply by N2 (rationalize denominator)
V2
~X =2(e"+e)
V2
=2 cosh t
Y =1(e'-¢")
2
=2 ()
2
=2 sinht

. T-coordinate on XY axes is (\/2 cosh t,¥2 sinh t). See figl1.1




figll.1a graph ef y = I/x an the original x-y axes. figl1.1b graph of y = 1/ on the new X-¥ aves.

Fig11.1b shows this graph resembling that of x* - y* = 1 in Question 5b.

Comparing graphs of X2 - Y*=2 and ¥* - J* = 1 on same set of axes (fig11.2) shows X* - Y* =2
to be a dilated version of x* - 3 =1,

Upon further inspection, this is true. The relative x and y coordinates on x* - ¥* =1 have been
multiplied by a factor of V2 to obtain corresponding coordinates on X* - Y>=2.

eg. The x-intercept (1,0) onx* - y* = 1 curve, when dilated by a factor of V2, gives coordinate
(N2,0), corresponding to x-intercept on X* - Y2 =2 curve.

Henee, the X? - Y2 =2 graph is the x* - J* = 1 graph dilated by a factor of V2.
As dilations multiply lengths of segments by the magnitude of a factor £, the area enclosed by the

segment will subsequently increase by the magnitude of that factor squared ie.area will increase by
factor of &.2

This reasoning is applied to evaluate the green-shaded area OST in X* - Y =2 curve (fig11.2).
OST corresponds to the bhie-shaded area with magnitude B in the graph of x* - y* = 1. Because
X? - Y?=2 is a dilation of ¥* - 3 = 1by a factor of V2,

2 Appendix 2




Area OST =B x (Y2)?

. Area OST =2B

i Question 6b, area OST =t

~t=2B

Dilation factor of V2 is directly related to the function X*- Y* = 2. Consider rectangle in fig11.3,
placed on an X-Y axes where

length ¢ = X and
lengthb=7Y

The dilation factor & is applied, .. magnitude of distance x
from the origin (0,0) increases by £.
-.dilation factor affects distance x from origin.

This is true for circular and hyperbolic functions:

« Circular finctions- dilation factor affects radius of the circle
(the distance on the curve furthest away from the origin; also
the x-intercept ). Take circle with equation:

P+y=1-— (1)

U fglrs

x-intercept occurs when y = 0 ie.at point (1,0}
When dilated by a factor of 2, x value becomes:
1x2=2




y value:
0x2=0

Hence, the new x-intercept after dilation occurs at (2,0)- fig11.4. This is also the radius, which
means the radius has doubled.

Substituting (2,0) into -----(1): 24+ 0°=4

-.circular equation after dilation is:

¥ +y =4

which can be expressed as x> + )’ =¢

In this form, ¢ is the square of the dilation factor.

This same reasoning can be applied to the hyperbolic
function:

2 _y2= ) ""(2) ’ca_nbe expressed . the form RS A EAAEE AR R
©-y=c figlld

difference is:

e X is the point on equation (1)
7| brigin, in equation (2), distance x
sest to origin (figl1.5).

X?* - Y* =2 is the dilation of
factor of V2.
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APPENDICLS

Appendix 1- Working out sinh’x
sink’x =[1(e"-¢e7)]
2
=1(e*-2+¢e%)
4

Appendix 2- Dilation

Proof that when lengths of segments are multiplied by the magnitude of a factor £, the area
enclosed by the segment will subsequently increase by the magnitude of that factor squared ie. the
area will increase by a factor of ¥*.

This can be illustrated by using the rectangle with side length o and width & (fig11.3).
The area of this rectangle (A) is:
A = length x width

=ub

‘When @ and b are multiplied by a factor & ie. dilated, the new length becomes ka and the new
width becomes kb.

However, the new area (A)) is:
A = length x width

= ka x kb

= kK ab

Hence, the area has increased by a factor of #.




